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O-MINIMAL DE RHAM COHOMOLOGY
RICARDO BIANCONI AND RODRIGO FIGUEIREDO
Abstract. O-minimal geometry generalizes both semialgebraic
and subanalytic geometries, and has been very successful in solv-
ing special cases of some problems in arithmetic geometry, such as
Andre´-Oort conjecture. Among the many tools developed in an
o-minimal setting are cohomology theories for abstract-definable
continuous manifolds such as singular cohomology, sheaf cohomol-
ogy and Cˇech cohomology, which have been used for instance to
prove Pillay’s conjecture concerning definably compact groups. In
the present paper we elaborate an o-minimal de Rham cohomol-
ogy theory for abstract-definable C∞ manifolds in an o-minimal
expansion of the real field which admits smooth cell decompo-
sition and defines the exponential function. We can specify the
o-minimal cohomology groups and attain some properties such as
the existence of Mayer-Vietoris sequence and the invariance un-
der abstract-definable C∞ diffeomorphisms. However, in order to
obtain the invariance of our o-minimal cohomology under abstract-
definable homotopy we must, working in a tame context that de-
fines sufficiently many primitives, assume the validity of a state-
ment related to Bro¨cker’s question.
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1. Introduction
O-minimal structures have their roots in the early 80’s in the work
[5]. In that paper, L. van den Dries, before discussing the question
raised by Tarski in his monograph [33] of whether the elementary the-
ory of the exponential field (R,+, ·, exp) is decidable, derives some
finiteness properties of sets definable in an expansion of (R, <) of finite
type (i.e., one within the definable subsets of R are unions of a finite
set and finitely many intervals). Soon afterwards, in a series of three
papers [29], [19], and [30], A. Pillay, C. Steinhorn and J. Knight give a
systematized treatment of expansions of a dense linear order without
endpoints that have the strong condition of “every definable set with
parameters is a finite union of intervals and points”, under the coinage
of o-minimal structures, extending the work of L. van den Dries, among
other things. We refer the reader to [6] and [7] for an introduction to
o-minimal structures from a geometric viewpoint.
O-minimality found deep connections with diophantine geometry in
the first decade of 21st century, say beginning with the study carried
out by Pila and Wilkie of rational points in a definable set [28] and
culminating in the unconditional proof of Andre´-Oort conjecture for
arbitrary products of modular curves [26] by Pila. Postliminary works,
for instance [27] and [16], presenting solutions for special cases of this
conjecture have also used o-minimality in a crucial way; also, in a
recent paper [37] Wilkie raises diophantine questions in the spirit of
those addressed in [28], which somehow shows that applications of this
fragment of model theory to algebraic geometry are far from having
been exhausted.
Linked up with algebraic geometry although in a different direction,
Edmundo developed a cohomology theory for the category of definable
manifolds and continuous maps within the framework of an o-minimal
expansion of a real closed field [9], and used this to solve a problem,
proposed by Peterzil and Steinhorn [25], concerning the existence of
torsion points on definably compact definable abelian groups. (Here
“definable manifold” is, in our parlance, an abstract-definable C0 man-
ifold - see section 2.) Subsequently, Edmundo, Jones and Peatfield
established a sheaf cohomology for the category of definable sets in
an o-minimal expansion of a group [10]; and, working in the category
where the sets and continuous maps are all definable in an arbitrary
o-minimal structure with definable Skolem functions, Edmundo and
Peatfield proved the existence of a Cˇech cohomology theory [12]. In
view of all these results settling cohomologies for (abstract-)definable
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objects, we inquire about the existence of a definable analogue of the
de Rham cohomology on a tame category.
In the present paper we elaborate a de Rham-like cohomology the-
ory for abstract-definable C∞ manifolds in the setting of an o-minimal
expansion of the real field which admits smooth cell decomposition
and defines the exponential function, and show that such a cohomol-
ogy has certain strong properties only in particular o-minimal contexts.
Our program is to follow the lines of the construction of the classical
de Rham cohomology starting from the general context of abstract-
definable Cp manifolds (p < ∞) where the fixed framework is an ar-
bitrary o-minimal expansion of a real closed field, and push it to the
limit. Abstract-definable manifold of class Cp (0 < p < ∞), in an o-
minimal structure expanding a real closed field, generalizes the notion
of an abstract Cp Nash manifold [31], since the transition maps might
possess additional parts other than the semialgebraic.
This paper is organized as follows.
We fix an o-minimal expansion of a real closed field and introduce in
Section 2 the notion of an abstract-definable manifold M of class Cp,
with 0 ≤ p < ∞, and prove some basic topological facts concerning
the manifold topology, some of them quite similar to the classical case,
for example, every abstract-definable Cp manifold is definably regu-
lar, locally definably compact; and some others different such as every
abstract-definable Cp manifold has finitely many definably connected
components. Also, in this section, we establish the tangent space TxM
of an abstract-definable Cp manifold M at a point x in M by following
[24], and its corresponding cotangent space T ∗xM . Section 3 is where
the main difficulty of this work lies in, and it is devoted to the construc-
tion of an abstract-definable version of partitions of unity (with respect
to an abstract-definable Cp atlas) and some of their consequences, as
the existence of abstract-definable Cp bump functions. Unlike in the
classical setting in which a partition of unity subordinate to a fixed
open cover of a smooth manifold is built upon the employment of tools
such as smooth bump functions and the existence of a countable basis
for a smooth manifold - both of them unavailable for us -, we adapt
a method by Fischer [15], used to attain partitions of unity within
the framework of an o-minimal expansion of the exponential real field
that admits smooth cell decomposition, that makes heavy use of the
finiteness of the atlas, and a weaker form of the definable Cp Urysohn’s
lemma having a definable open set U ⊆ Rm as the background topo-
logical space (Lemma 3.2). In order to obtain this weak Urysohn’s
lemma, Fisher settles a result concerning the approximation of defin-
able continuous functions by definable Cp functions, where 0 < p ≤ ∞.
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Thamrongthanyalak proves [34] an analogous approximation theorem
for o-minimal expansions of a real closed field, and for 0 < p < ∞,
enabling the technique in question to be applied within our context.
(Observe that if the concerned definable open set U were the whole
Rm, we would be done by Corollary C.12 [7], with no need of any
approximation result at all.) After providing the foundations, we pro-
ceed to introduce the notion of an abstract-definable Cp vector bundle
in Section 4, which is entirely analogous to the classical case, except
that the number of the local trivializations is finite and the maps in-
volved are abstract-definable Cp. In a similar fashion, we bring in the
concept of abstract-definable Cp sections, and give a local description
of some of them. In Section 5 we present the core element in the study
of the o-minimal de Rham cohomology theory, the abstract-definable
Cp k-forms with k ≥ 0, and give a characterization of these special
abstract-definable Cp sections in terms of the coordinate frames. This
is used to prove, among other things, that the pullback of abstract-
definable Cp k-forms under an abstract-definable Cp map are abstract-
definable Cp−1 k-forms. In Section 6 we turn our attention to smooth
abstract-definable forms, which requires that we work in an o-minimal
expansion R of the real field which admits cell decomposition, and also
defines the exponential, provided that we want to exploit what we pro-
duced so far. Following the classical case, we verify the existence and
uniqueness of an exterior derivative on the vector space of all abstract-
definable C∞ forms. This exterior derivative is tame in the sense that
the abstract-definability of the forms is preserved. Moreover it com-
mutes with the pullback of an abstract-definable C∞ map. Finally, in
Section 7 we specify the kth o-minimal de Rham cohomology groups,
and demonstrate that the o-minimal de Rham cohomology satisfies all
analogous main theorems for classical de Rham cohomology but the
Hotomopy Axiom (Theorem 7.10), once such a statement fails for in-
stance in the o-minimal context of the exponential real field Rexp. We
finish this paper by showing that the Homotopy Axiom holds, therefore
so does the Poincare´ Lemma (Corollary 7.11), when the setting is the
Pfaffian closure of R and the Bro¨cker’s question holds true for every
pair (R, R˜) of o-minimal expansions of Rexp, with R˜ taken to be the
Pfaffian closure of R.
We follow closely [35] in the development of Sections 4-7, with no
originality claimed other than the adjustments we had to make.
Acknowledgments. The authors are grateful to Hugo Luiz Mar-
iano and Tobias Kaiser for their valuable suggestions and insightful
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comments.
For Sections 2-5, we fix an o-minimal expansion R of an arbitrary
real closed field (R,>, 0, 1,+,−, ·). By “definable” we mean “definable
in R with parameters in R”, unless otherwise stated.
Notation. N denotes the set of nonnegative integers, and R the field
of real numbers. For any set X , idX denotes the identity map x 7→ x on
X . The m-tuple (r1, . . . , rm) indicates the coordinates of a point in Rm
in the standard basis. Given a topological space X and a subset Y of
X , by intX(Y ), clX(Y ), and bdX(Y ) we mean the topological interior,
closure and boundary of Y in X respectively; when it is clear from the
context the topological space, we drop the letter X in these notations.
For any map f : A → B, Γ(f) denotes its graph {(x, f(x)) : x ∈ A}.
Given a map f from an interval I to a topological space X and a limit
point a of I, we denote by limt→a+ f(t) and limt→a− f(t) the right- and
left-handed limits of f at a, respectively. The collection of all functions
from a set X to R will be denoted by F(X). (F(X) is made into a
commutative ring with identity when endowed it with pointwise sum
and multiplication.) Further notations are explained along the text.
2. Tame calculus on abstract-definable manifolds
LetM be a set, and let {φi : Ui → φi(Ui) ⊆ R
m}i∈Λ be a finite family
of set-theoretic bijections, where each Ui is a subset of M and φi(Ui)
is a definable open set in Rm. Recall from Section 10 ([1], p. 114) that
such a collection is said to be an abstract-definable Cp atlas on M of
dimensionm, where 0 ≤ p <∞, ifM =
⋃
i∈Λ Ui and for any i, j ∈ Λ the
sets φi(Ui ∩Uj), φj(Ui ∩Uj) are definable and open in R
m and the map
φj◦φ
−1
i : φi(Ui∩Uj)→ φj(Ui∩Uj) is a definable C
p-diffeomorphism. (By
“definable C0-diffeomorphism” we mean “definable homeomorphism”.)
The elements φ : U → φ(U) of an abstract-definable Cp atlas are called
charts, and will usually be written as the pair (U, φ).
The relation ∼, defined on the set of all abstract-definable Cp at-
lases of dimension m on a set M by A ∼ B if and only if A ∪ B is
an abstract-definable Cp atlas on M , is an equivalence relation. In this
case, we say that A and B are compatible.
Notation. Throughout the text, the symbol ∼ will designate this
relation of atlas compatibility.
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Any abstract-definable Cp atlas {φi : Ui → φi(Ui) ⊆ R
m}i∈Λ on a
set M endows such a set with a topology whose open sets are those
subsets U ⊆M such that φi(Ui∩U) are open in R
m for all i ∈ Λ. This
is the unique topology on M in which each Ui is open and every φi is
a homeomorphism. Two ∼-equivalent abstract-definable Cp atlases on
a set induce the same topology, the manifold topology. The manifold
topology is obviously T1, although is not Hausdorff as it shows Example
2.5 ([11], p. 4). Namely, consider the set M given by the line segment
with a point {(x, y) ∈]c, d[2 : x = y} ∪ {(b, a)}, where c < a < b < d in
R, U1 := M \ {(b, b)}, U2 := M \ {(b, a)}, and let φi be the bijection
π|Ui : Ui →]c, d[ (i = 1, 2), where π : R
2 → R denotes the projection
onto the first coordinate, and note that the manifold topology on M
does not separate the points (b, a) and (b, b).
An abstract-definable Cp manifold of dimension m is a set M to-
gether with a ∼-equivalence class of m-dimensional abstract-definable
Cp atlases on M , whose manifold topology is Hausdorff. By abuse
of notation, we will write just a pair (M,A) to indicate an abstract-
definable Cp manifold, or simply the set M when the abstract-definable
Cp atlas A is clear from the context.
We bring back to the reader’s mind from Chapter 7 ([6], p. 116) that
a definable map f : A → Rn, where A ⊆ Rm is not necessarily open,
is called a Cp-map if f can be extended to a definable map of class Cp
defined on an open set.
Let (M,A) and (N,B) be two abstract-definable Cp manifolds. Re-
call from Section 10 ([1], p. 115) that a subset A ⊆ M is called an
abstract-definable set in M if φ(U ∩ A) is definable for every chart
(U, φ) in A; and a map f : M → N is said to be abstract-definable
(resp., abstract-definable Cp, an abstract-definable Cp diffeomorphism)
if for every point x ∈ M and any charts (U, φ) ∈ A, (V, ψ) ∈ B with
x ∈ U and f(x) ∈ V the restriction
ψ ◦ f ◦ φ−1|φ(U∩f−1(V )) : φ(U ∩ f
−1(V ))→ ψ(f(U) ∩ V )
is definable (resp., a Cp-map, a definable Cp diffeomorphism). The set
of all abstract-definable open sets in M forms a basis for the manifold
topology. Moreover, abstract-definability of sets is stable under ∼-
equivalent abstract-definable Cp atlases.
If f : M → N is an abstract-definable Cp map between abstract-
definable Cp manifolds, then: (i) The set of all abstract-definable sub-
sets of M forms a boolean algebra; (ii) for any abstract-definable sub-
set A of M , its topological closure cl(A), interior int(A) and boundary
bd(A) in M are also abstract-definable; (iii) for any abstract-definable
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subset A of M , f(A) is abstract-definable in N ; (iv) for any abstract-
definable subset B of N , f−1(B) is abstract-definable in M ; (v) the
graph Γ(f) of f is an abstract-definable subset of M ×N ; and (vi) in
the case M , N are definable as well as the charts in M and N , ev-
ery abstract-definable subset of M and all abstract-definable functions
from M to N are definable.
Let g = (g1, g2) : M → M1 ×M2 be a map, where M1 and M2 are
abstract-definable Cp manifolds. Then, g is abstract-definable Cp if and
only if g1 : M → M1 and g2 : M → M2 are also abstract-definable C
p
maps.
Let M and N be abstract-definable Cp-manifolds. If A1 ∼ A2 are
abstract-definable Cp atlases onM and B1 ∼ B2 on N then every subset
A ⊆ M abstract-definable in A1 is abstract-definable with respect to
A2, and every map f : M → N abstract-definable C
p relative to A1 and
B1 is also abstract-definable C
p in A2 and B2.
Remark 2.1. Given an abstract-definable Cp manifold (M,A) of dimen-
sion m, we may always assume that the range φ(U) of the charts (U, φ)
in A are bounded open sets in Rm, because the map τ : Rm →]−1, 1[m
defined as
τ(r1, . . . , rm) :=
(
r1√
1 + (r1)2
, . . . ,
rm√
1 + (rm)2
)
is a semi-algebraic Cp diffeomorphism between Rm and its image, and
the sets {(U, τ ◦ φ) : (U, φ) ∈ A} and A are ∼-equivalent abstract-
definable Cp atlases on M . By virtue of this and Theorem 1 ([36],
p. 4), the image of each chart in A is a finite union of open cells in
Rm. Since an open cell is definably Cp diffeomorphic to an open box
in Rm, which in turn is definably Cp diffeomorphic to Rm, we may
also suppose, at our convenience, the image of any chart in A equals
Rm. (When R = R, the above map τ is a semialgebraic real analytic
diffeomorphism onto its image.)
Notation. From now until the end of Section 5, unless otherwise
stated, (M,A) and (N,B) denote abstract-definable Cp manifolds of
dimensions m and n, respectively, with A := {φi : Ui → φi(Ui)}i∈Λ.
Definition 2.2. We say thatM is definably regular if, for any abstract-
definable closed subset F of M and any point x ∈ M \ F , there are
disjoint abstract-definable open subsets U and V ofM such that x ∈ U
and V ⊆ F .
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One easily sees that M is definably regular if and only if for any
x ∈ M and any abstract-definable open subset U of M there is an
abstract-definable open subset V ⊆M with x ∈ V ⊆ cl(V ) ⊆ U .
The following notion of definable compactness was introduced in [25].
In a Euclidean space Rm this conception has a similar characterization
to that of the non-first order property of compactness ([25], Theorem
2.1, p. 772), the conjunction of boundedness and closedness.
Definition 2.3. We say that M is definably compact if for every
a, b ∈ R∪{−∞,+∞} where a < b, and for every abstract-definable con-
tinuous map γ : ]a, b[→ M , both limits limt→a+ γ(t) and limt→b− γ(t),
with respect to the manifold topology, exist inM . We call an abstract-
definable subset K ⊆ M a definably compact set if for every abstract-
definable continuous map γ : ]a, b[→ M , with Imγ ⊆ K, the limits
limt→a+ γ(t) and limt→b− γ(t) exist in K with respect to the subspace
topology on K. We say that M is locally definably compact if every
x ∈M has a definably compact neighborhood.
The following appears in Corollary 2.8 ([11], p. 7) where the topo-
logical space is a generalization of an abstract-definable C0 manifold,
namely a Hausdorff definable space (see [6], Definition 10.1.2, p. 156 or
[11], Definition 2.1, p. 3), and the background structure is an arbitrary
o-minimal structure that has definable Skolem functions. That corol-
lary is obtained by first proving that a Hausdorff, locally definably
compact definable space is definably regular. Here we give a direct
proof.
Lemma 2.4. Every definably compact set K ⊆ M is closed.
Proof. We will show that M \K is open. Suppose, towards a contra-
diction, there is a point x ∈ M \K of which no open neighborhood is
included in M \K. Particularly, fixing a chart (U, φ) on M at x, the
intersection B(φ(x), ǫ) ∩ φ(U) is not contained in φ(U ∩ (M \K)) for
each ǫ > 0. By definable choice, there is a definable map α : ]0, r[→ Rm
such that α(t) ∈ (B(φ(x), t) ∩ φ(U)) \ φ(U ∩ (M \K)) for all t ∈]0, r[.
Let γ : ]0, r[→M be the composite map φ−1◦α. The map γ is abstract-
definable, and shrinking r if necessary we may consider γ continuous.
Moreover, Imγ ⊆ U ∩ K and limt→0 γ(t) = x. From the definable
compactness of K and the uniqueness of the limit (recall that M is
Hausdorff), it follows that x = limt→0 γ(t) ∈ K, leading to a contra-
diction. 
The second part of the theorem below is contained in Proposition
2.7 ([11], p. 6). Despite we also achieve the definable regularity of the
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abstract-definable (Cp) manifold through the local definable compact-
ness, our proof is rather distinct.
Theorem 2.5. M is locally definably compact and definably regular.
Proof. Fix a point x ∈ M and an abstract-definable open W in M
containing x. Pick a chart (U, φ) on M at x. Hence, there is an
open box B ⊆ Rm with φ(x) ∈ B ⊆ cl(B) ⊆ φ(U ∩ W ). Set
K = φ−1(cl(B)) ⊆ U ∩ W , an abstract-definable set whose inte-
rior contains x, and let γ : ]a, b[→ M be an abstract-definable con-
tinuous map with γ(]a, b[) ⊆ K. The map φ ◦ γ : ]a, b[→ φ(U) is
then a definable continuous curve such that (φ ◦ γ)(]a, b[) ⊆ cl(B),
and as consequence of the definable compactness of cl(B) both lim-
its limt→a+ φ(γ(t)), limt→b− φ(γ(t)) exist in cl(B). By setting L1 :=
φ−1(limt→a+ φ(γ(t)), L2 := φ
−1(limt→b− φ(γ(t))) ∈ K, and noticing that
limt→a+ γ(t) = L1 and limt→b− γ(t) = L2, we conclude that K is a de-
finably compact neighborhood of x contained in W . This proves the
first part of the theorem. The second follows from the fact that K is
closed in M (Lemma 2.4), and hence x ∈ φ−1(B) ⊆ cl(φ−1(B)) ⊆ K ⊆
W . 
Definition 2.6. We say that M is definably normal if, for any two
disjoint abstract-definable closed subsets F1 and F2 of M , there are
disjoint abstract-definable open subsets U1 and U2 such that F1 ⊆ U1
and F2 ⊆ U2.
Equivalently, M is definably normal if given two disjoint abstract-
definable closed subsets F1, F2 ⊆ M there exists an abstract-definable
open subset W ⊆M satisfying F1 ⊆W ⊆ cl(W ) ⊆ M \ F2.
As pointed out in Remark 3.4 ([9], p. 9), the abstract-definable Cp
manifold M is definably regular (see Theorem 2.5) and therefore, by
Theorem 10.1.8 ([6], p. 159), there is a continuous injective map h from
M into R2+2m, where m is the dimension of M , which maps M home-
omorphically onto the definable set h(M). The definable normality of
h(M) can thus be transferred to M via h. This proves the following.
Theorem 2.7. M is definably normal.
Definition 2.8. An abstract-definable subset S ofM is called definably
connected in M if there are no abstract-definable open disjoint subsets
U and V of M in such a way that U ∩ S and V ∩ S are nonempty and
S ⊆ U ∪ V . We say that M is definably connected if its underlying
set is definably connected in M . A definably connected component
of a nonempty abstract-definable set S ⊆ M is a maximal definably
connected subset of S in M .
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Theorem 2.9 below is an abstract-definable version of Proposition
3.2.18 ([6], p. 57).
Theorem 2.9. The abstract-definable Cp manifoldM has finitely many
definably connected components. They form a finite partition ofM , and
consequently are open and closed in M .
Proof. Let A = {(Ui, φi) : i = 1, . . . , k}. Since the subsets φ1(U1), ...,
φi(Ui \
⋃
j<i Uj), ..., φk(Uk \
⋃k−1
j=1 Uj) of R
m are definable, there is a
cell decomposition C of Rm partitioning them. We claim that for each
i = 2, . . . , k and for any cells C ⊆ φ1(U1) and C
′ ⊆ φi(Ui \
⋃
j<i Uj) in
C, the sets
D := φ−11 (C) ⊆ U1 and D
′ := φ−1i (C
′) ⊆ Ui \
⋃
j<i
Uj
are definably connected in M . First, note that D and D′ are abstract-
definable, inasmuch as for any chart (Ul, φl) ∈ A the sets
φl(Ul ∩D) = (φl ◦ φ
−1
1 )(φ1(Ul ∩ U1) ∩ C)
and
φl(Ul ∩D
′) =
{
(φl ◦ φ
−1
i )(φi(Ul ∩ Ui) ∩ C
′), if i ≤ l
∅, if i > l
are all definable. Furthermore, if A and B are abstract-definable dis-
joint open subsets of M with D ⊆ A ∪ B, then since φ1(U1 ∩ A) and
φ1(U1∩B) are disjoint open definable subsets of φ1(U1) covering C, we
have without loss of generality that C ⊆ φ1(U1 ∩A), and consequently
D ⊆ U1 ∩ A ⊆ A. A similar argument holds for D
′. Therefore, we
obtain a partition D := {D1, . . . , Ds} of M into definably connected
sets in M , where each element of D is either of the form φ−11 (C) for
some cell C ∈ C included in φ1(U1), or of the form φ
−1
i (C
′) for some
i ∈ {2, . . . , k} and a cell C ′ ∈ C included in φi(Ui \
⋃
j<i Uj). For each
set of indices Λ ⊆ {1, . . . , s}, define DΛ :=
⋃
i∈ΛDi, and let D
∗ be a
maximal abstract-definable set with respect to the definable connect-
edness, among the 2s−1 nonempty sets DΛ. Note that to conclude D
∗
is a definably connected component ofM , the subsequent claim suffices.
Claim 1. If Y ⊆M is a definably connected set inM with Y ∩D∗ 6= ∅,
then Y ⊆ D∗.
Consider the abstract-definable set
DY :=
⋃
Di∈D
Di∩Y 6=∅
Di.
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Observe that Y ⊆ DY , since D covers M . If A and B are disjoint
abstract-definable open subsets ofM so thatDY ⊆ A∪B, then because
Y is definably connected, we may assume that Y ⊆ A without loss of
generality. This implies that each Di in D with Di ∩ Y 6= ∅ intersects
A, and since Di is definably connected in M , Di ⊆ A. Hence, DY ⊆ A.
In other words, DY is definably connected. Finally, note that
D∗, DY ⊇ D
∗ ∩DY ⊇ D
∗ ∩ Y 6= ∅,
i.e., D∗ and DY have a point in common. Then, D
∗ ∪ DY is a set of
the form DΛ, for some Λ ⊆ {1, . . . , s}, which is definably connected in
M and contains D∗. By the maximality of D∗, we get D∗ = D∗ ∪DY ,
and hence Y ⊆ DY ⊆ D
∗.
We now draw the reader’s attention to the fact that the maximal
definably connected sets D∗ as above form a finite partition of M .
Clearly, there are finitely many of those sets, in total. Moreover, since
D covers M and each of its elements is contained in such a maximal
definably connected set D∗, these sets then cover M . Lastly, Claim 1
implies that the sets D∗ are pairwise disjoint.
For the ending part of the proposition statement, note that the clo-
sure in M of a definably connected set in M is definably connected as
well, and hence by the maximality of the definably connected compo-
nents these are closed subsets of M . Let {D∗1, . . . , D
∗
t } be a partition
of M into definably connected components. Since for each j
D∗j =M \ (D
∗
1 ∪ · · · ∪D
∗
j−1 ∪D
∗
j+1 ∪ · · · ∪D
∗
t ),
it follows that D∗j is open in M . 
The subsequent theorem, among other things, is used to compute
the 0th de Rham cohomology group of an abstract-definable manifold
(see Theorem 7.2).
Theorem 2.10. A locally constant abstract-definable map f : M → N
is constant whenever M is definably connected.
Proof. It suffices to show that f is constant on each definably connected
component of M . To see this, first note that f is continuous. For any
definably connected component C of M and a fixed point x of C, it
follows from the local constancy of f that f−1(c) is a union of open sets
in M , where c denotes the value f(x). On the other hand, since {c} is
an abstract-definable closed set inN , f−1(c) is abstract-definable closed
in M . Because C is definably connected, we thus get C ⊆ f−1(c). 
Our approach to the construction of the tangent space is the same
as in Chapter 9 ([24], pp. 65-68).
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Fix x ∈ M and consider the set Cp(x) of all abstract-definable Cp
maps α : I → M , where I ⊆ R is an open interval containing 0 and
α(0) = x, on which we have an equivalence relation
α1 ∼c α2
def
⇔ (φ ◦ α1)
′(0) = (φ ◦ α2)
′(0),
for some (U, φ) chart onM at x. By virtue of the chain rule for definable
maps, we may replace the condition “for some chart on M at x” with
“for any chart on M at x” in the definition of ∼c. The quotient set
Cp(x)/ ∼c is denoted by TxM .
If (U, φ) is a chart on M at x, the induced map Φx : TxM → R
m
defined as [α] 7→ (φ ◦ α)′(0) is bijective, and hence there is a unique
R-vector space structure on TxM which makes Φx into a linear isomor-
phism, namely: v + w := Φ−1x (Φx(v) + Φx(w)) and rv := Φ
−1
x (rΦx(v)),
for v, w ∈ TxM, r ∈ R. These operations are independent of the choice
of (U, φ). The set TxM together with such a linear structure is called
the tangent space to M at x and its elements are said to be the tangent
vectors to M at x.
An abstract-definable Cp map f : M → N induces at each point
x ∈M a linear map dxf : TxM → Tf(x)N , the differential of f at x, by
setting dxf([α]) := [f ◦ α]. Under the identification TxR
m ≡ Rm, we
obtain dxφ = Φx.
An immediate consequence of the definition of the differential of an
abstract-definable Cp map at a point is the chain rule for abstract-
definable Cp maps.
Theorem 2.11. Let P be an abstract-definable Cp manifold, and let
f : M → N and g : N → P be abstract-definable Cp maps. Then g ◦
f : M → P is abstract-definable Cp, and for any point x in M we have
dx(g ◦ f) = df(x)g ◦ dxf.
Given a chart (U, φ) at a point x ∈M , the set {∂/∂x1|x, . . . , ∂/∂x
m|x}
forms a basis for TxM , where ∂/∂x
i|x is (dxφ)
−1(ei) and ei denotes the
ith standard basis vector (0, . . . , 1, . . . , 0) of Rm. Hence, a tangent vec-
tor Xx ∈ TxM can be uniquely written as Xx =
∑m
i=1 ai(∂/∂x
i|x),
with (a1, . . . , am) ∈ R
m. If Xx = [α], for some α ∈ C
p(x), then
(a1, . . . , am) = (φ ◦ α)
′(0).
Let f : M → R be an abstract-definable Cp function. The directional
derivative Xxf of f at x ∈ M is defined to be (f ◦ α)
′(0). If (U, φ)
is a chart at x then applying the chain rule (for definable maps) to
(f ◦ φ−1 ◦ φ ◦ α)′(0), we get
Xxf =
m∑
i=1
ai(∂(f ◦ φ
−1)/∂ri)(φ(x)),
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where ai are the components ofXx in the basis {∂/∂x
i|x}i. Particularly,
(∂/∂xi|x)f = (∂(f ◦ φ
−1)/∂ri)(φ(x)).
The disjoint union of all tangent spaces TM :=
⋃
x∈M{x} × TxM
is called the tangent bundle of M . The set TM can be made into an
abstract-definable Cp manifold of dimension 2m as follows. Let (U, φ)
be a chart on M and denote by TU the disjoint union
⊔
x∈U TxM . The
set of maps φ˜ : TU → φ(U)× Rm, given by
(x,
m∑
i=1
ai∂/∂x
i|x) 7→ (φ(x), a1, . . . , am),
forms an abstract-definable Cp atlas on TM . Therefore, the projection
π : TM →M : (x, v) 7→ x is an abstract-definable Cp map.
The cotangent space ofM at a point x ∈M , T ∗xM , is the dual vector
space of the tangent space TxM and its elements are called covectors
at x. The disjoint union of all cotangent spaces of M is said to be the
cotangent bundle of M and is denoted by T ∗M . Just like the tangent
bundle, the cotangent bundle of M can be endowed with an abstract-
definable Cp atlas of dimension 2m, described as follows. After fixing a
chart (U, φ) on M at x, we let {dx1|x, . . . , dx
m|x} denote the dual basis
of {∂/∂x1|x, . . . , ∂/∂x
m|x} for T
∗
xM . The set of the induced bijections
(x,
m∑
i=1
bidx
i|x) 7→ (φ(x), b1, . . . , bm) : T
∗U → φ(U)× Rm
then forms an abstract-definable Cp atlas on T ∗M , where T ∗U de-
notes the disjoint union
⊔
x∈U T
∗
xM . Likewise, the natural projection
π : T ∗M →M turns out to be an abstract-definable Cp map.
3. Abstract-definable partition of unity
This section is devoted to the construction of an abstract-definable
Cp partition of unity subordinate to a given abstract-definable Cp at-
las, and some of its consequences whose classical analogues are widely
known. The strategy adopted here is that of Fischer [15].
Using Generalized Lojasiewicz Inequality ([7], Theorem C.14) and
a stratification of definable sets where the functions involved in the
strata have bounded gradient, Thamrongthanyalak obtains a result on
smoothing of definable continuous functions, stated as follows.
Theorem 3.1 (Theorem 1.1, [34], p. 2). Let f : U → R be a definable
continuous function, with U open in Rn. Let Z be a definable closed
subset of U such that dim Z < dim U , and f |(U\Z) is C
p, where p ≥ 1.
Let ǫ : U →]0,+∞[ be a definable continuous function. Then, for any
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definable neighbourhood V of Z in U , there is a definable Cp function
g : U → R such that
(1) |g(x)− f(x)| < ǫ(x), for every x ∈ U ;
(2) g = f outside V .
If f : U → R is a definable function defined on an open set U ⊆ Rm
then from the Cp-cell decomposition it follows that the dimension of
the closure in U of the definable set comprised of the points in U at
which f is not Cp is strictly less than that of U .
The subsequent lemma is Corollary 1.2 in [15] (p. 497) whose proof
was adjusted to our case.
Lemma 3.2. Let U ⊆ Rm be a definable open set, and let A,B ⊆ U be
definable disjoint sets, which are closed in U . Then, there is a definable
Cp function f : U → R such that A ⊆ {f = 1} and B ⊆ {f = 0}.
Proof. Since U is definably normal, there are definable open sets VA and
VB in U such that A ⊆ VA ⊆ clU(VA) ⊆ U \B and B ⊆ VB ⊆ clU(VB) ⊆
U \ A. In particular, clU(VA) ∩ clU(VB) = ∅. Consider g : U → R a
definable continuous function with 0 ≤ g ≤ 1, g−1(1) = clU(VA), and
g−1(0) = clU(VB) (Lemma 6.3.8, [6], p. 102), and let C be the definable
set of points in U at which g is not Cp. Because C is contained in
U \ (VA ∪ VB), we get clU(C) ∩ (A ∪ B) = ∅. Also, clU(C) < dim U
(see the observation above this lemma). Thus, by Lemma 3.1, there is
a definable Cp function f : U → R such that f = g in A ∪B. 
Theorem 3.3. There exist abstract-definable Cp functions ϕi : M → R
such that ϕi ≥ 0, supp(ϕi) ⊆ Ui, and
∑
i∈Λ ϕi = 1, for each i ∈ Λ. The
collection {ϕi}i∈Λ is called an abstract-definable C
p partition of unity
subordinate to {Ui}i∈Λ.
Proof. For the sake of simplicity, let us assume without loss of gen-
erality that Λ = {1, 2}. By virtue of Lemma 3.4 below, define each
ϕi : M → R as ϕi := ψi/(ψ1 + ψ2). It is readily seen that these func-
tions have the above required properties. 
Lemma 3.4. There exist abstract-definable Cp nonnegative functions
ψ1, ψ2 : M → R satisfying supp(ψi) ⊆ Ui and M = ψ
−1
1 (]0,+∞[) ∪
ψ−12 (]0,+∞[).
Proof. Consider V1 the abstract-definable closed subset U1 − U2 of M
which does not intersect the abstract-definable closed subset bd(U1).
Denote by Ω1,Ω2 the disjoint abstract-definable open sets in M such
that V1 ⊆ Ω1 and bd(U1) ⊆ Ω2. (Recall that M is definably nor-
mal). Let W1 be the intersection cl(Ω2) ∩ U1. Since Ω1 ∩ cl(Ω2) = ∅,
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the (abstract-definable) closed subsets V1 and W1 of U1 are disjoint.
Consequently, φ1(V1) and φ(W1) are disjoint definable closed subsets of
φ1(U1). By Lemma 3.2, there is a definable C
p function f1 : φ1(U1)→ R
such that V1 ⊆ {f1 = 1} and W1 ⊆ {f1 = 0}. Squaring if necessary,
we may assume that f1 ≥ 0. Take ψ1 : M → R to be the nonnegative
function given by
ψ1 :=
{
f1 ◦ φ1 on U1
0 on M \ U1
In order to obtain supp(ψ1) ⊆ U1 it suffices to prove that the set
cl(φ−11 ({f1 6= 0})) does not intersect bd(U1). But this follows immedi-
ately from the inclusions
φ−11 ({f1 6= 0}) = U1 \ φ
−1
1 ({f1 = 0}) ⊆ U1 \W1
= U1 \ cl(Ω2) ⊆ U1 \ Ω2 ⊆M \ Ω2
and bd(U1) ⊆ Ω2. From the inclusion supp(ψ1) ⊆ U1 we can easily
conclude that ψ1 is an abstract-definable C
p function. Proceeding in
a similar way for V2 = U2 \ ψ
−1
1 (]0,+∞[) and W2 = cl(Θ2), where
Θ2 is an abstract-definable open subset of M containing bd(U2) whose
existence is ensured by the definable normality ofM , we may construct
an abstract-definable Cp nonnegative function ψ2 : M → R satisfying
supp(ψ2) ⊆ U2. Finally, note that the sets {ψ1 > 0} and {ψ2 > 0}
cover M , by the construction of the functions ψi. 
Corollary 3.5. Let {V,W} be an abstract-definable open cover of M .
There are abstract-definable Cp nonnegative functions fV , fW : M → R
such that supp(fV ) ⊆ V , supp(fW ) ⊆W , and fV + fW = 1.
Proof. Consider φVi and φ
W
i the restrictions φi|Vi and φi|Wi, respec-
tively, where Vi := Ui ∩ V and Wi := Ui ∩ W , for each i ∈ Λ.
The collection {φVi : Vi → φi(Vi), φ
W
i : Wi → φi(Wi)}i∈Λ is then an
abstract-definable Cp atlas on M , ∼-equivalent to A. Applying The-
orem 3.3 to this atlas, we obtain abstract-definable Cp nonnegative
functions ϕVi : M → R, ϕ
W
i : M → R (i ∈ Λ) satisfying the conditions
supp(ϕVi ) ⊆ Vi, supp(ϕ
W
i ) ⊆ Wi, and
∑
i∈Λ ϕ
V
i +
∑
i∈Λ ϕ
W
i = 1. For
the conclusion, it suffices to define fV : M → R and fW : M → R to be
fV :=
∑
i∈Λ ϕ
V
i , and fW :=
∑
i∈Λ ϕ
W
i respectively. 
The following is the abstract-definable Cp version of the Urysohn’s
lemma.
Corollary 3.6. Let A and B be disjoint abstract-definable closed sets
in M . Then, there exists an abstract-definable Cp nonnegative function
f : M → R which is identically 1 on A, and identically 0 on B.
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Proof. Apply Corollary 3.5 to the abstract-definable open cover {V,W}
of M , where V denotes M \ A and W denotes M \ B, to obtain
abstract-definable Cp nonnegative functions fV , fW : M → R such that
supp(fV ) ⊆ V , supp(fW ) ⊆ W , and fV + fW = 1. Then by letting
f : M → R be fW , the result thus follows. 
Corollary 3.7. Let F be an abstract-definable closed set in M , and U
an abstract-definable open set inM containing F . Then, there exists an
abstract-definable Cp function ρ : M → R so that 0 ≤ ρ ≤ 1, ρ|F = 1,
and supp(ρ) ⊆ U .
Proof. Let {M \ F, U} be an abstract-definable open cover of M . By
Corollary 3.5, there are abstract-definable Cp nonnegative functions
f, g : M → R which have the properties supp(f) ⊆M \ F , supp(g) ⊆
U , and f + g = 1. By defining ρ to be g, we are done. 
Corollary 3.8. For any abstract-definable open subset U ⊆ M , there
is an abstract-definable Cp nonnegative function ρ : M → R such that
ρ|V = 1, for some abstract-definable open set V ⊆ U , and supp(ρ) ⊆
U . The function ρ is called an abstract-definable Cp bump function
supported in U .
Proof. Fix a point x in U . Since M is definably regular, there is an
abstract-definable open set V with x ∈ V ⊆ cl(V ) ⊆ U . By applying
Corollary 3.7 to cl(V ), we immediately obtain the desired function
ρ. 
It is quite satisfactory in verifying that a map is abstract-definable
Cp to choose only convenient charts. This is what the following states.
Lemma 3.9. A map f : M → N is abstract-definable Cp if and only if
for each x ∈ M there is a chart (U, φ) on M at x and a chart (V, ψ)
on N at f(x) such that the restriction of ψ ◦ f ◦ φ−1 to φ(U ∩ f−1(V ))
is a Cp-map.
Proof. The “only if” direction is immediate. For the “if” direction, fix
a point x in M , and let (U, φ), (V, ψ) be arbitrary charts respectively
on M at x and on N at f(x). We must prove that the restriction
of ψ ◦ f ◦ φ−1 to φ(U ∩ f−1(V )) is a Cp-map. This will be done first
by showing that the concerned restricted map is definable, and then
it is extendable to a definable map of class Cp defined on an open
definable set. For each z ∈ U ∩ f−1(V ), pick a chart (Uz, φz) ∈ A with
z ∈ Uz, and a chart (Vz, ψz) ∈ B with f(z) ∈ Vz in such a way that
ψz ◦ f ◦ φ
−1
z |φz(Uz∩f−1(Vz)) is a C
p-map. Since the set of these chosen
charts is contained in A ∪ B, U ∩ f−1(V ) can be expressed as a finite
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union
U ∩ f−1(V ) =
⋃
α∈Λ
(U ∩ f−1(V )) ∩ (Uα ∩ f
−1(Vα)),
where Λ is an enumeration of this set of the chosen charts. Conse-
quently,
φ(U ∩ f−1(V )) =
⋃
α∈Λ
φ(U ∩ f−1(V ) ∩ Uα ∩ f
−1(Vα)).
Note that on each definable set φ(U ∩ f−1(V )∩Uα∩ f
−1(Vα)) the map
ψ ◦ f ◦ φ−1 equals the Cp-map
(ψ ◦ ψ−1α ) ◦ (ψα ◦ f ◦ φ
−1
α ) ◦ (φα ◦ φ
−1).
Therefore, ψ◦f ◦φ−1|φ(U∩f−1(V )∩Uα∩f−1(Vα)) is a C
p-map and the restric-
tion ψ ◦ f ◦ φ−1|φ(U∩f−1(V )) is definable. Now put
gα := ψ ◦ f ◦ φ
−1|φ(U∩f−1(V )∩Uα∩f−1(Vα)).
By the definition of Cp-map, for each α there is a definable Cp map
g˜α : Wα → R
m, with Wα definable open subset of R
m containing the
definable set φ(U∩f−1(V )∩Uα∩f
−1(Vα)), which extends gα. SetW :=⋃
α∈ΛWα. Observe thatW is a definable open set inR
m containing each
set φ(U∩f−1(V )∩Uα∩f
−1(Vα)). Also, (W, {idWα : Wα →Wα}α∈Λ) is an
abstract-definable Cp manifold. Theorem 3.3 thus ensures the existence
of abstract-definable Cp functions ϕα : W → R, α ∈ Λ, satisfying the
conditions: ϕα ≥ 0, supp(ϕα) ⊆ Wα, and
∑
α∈Λ ϕα = 1. Because the
underlying set W and the charts idWα are all definable, the functions
ϕα are also definable. Define g˜ : W → R
n as
g˜(x) :=
∑
α∈Λ
ϕα(x) · g˜α(x),
and note that in addition to being definable Cp, g˜ also agrees with
ψ ◦ f ◦ φ−1 on φ(U ∩ f−1(V )). 
4. Abstract-definable vector bundles
Definition 4.1. Let π : E → M be an abstract-definable Cp map be-
tween abstract-definable Cp manifolds satisfying the conditions:
(i) for every x ∈M the fiber at x, Ex := π
−1(x), has the structure
of a d-dimensional R-vector space;
(ii) M has a finite abstract-definable open cover {Ωj}j∈J and for
each j ∈ J there exists an abstract-definable Cp diffeomorphism
ϕj : π
−1(Ωj) → Ωj × R
d such that pr ◦ ϕj = π on π
−1(Ωj),
where pr denotes the set-theoretic projection on the first factor
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(x, y) 7→ x, and for each x ∈ Ωj the map ϕj |Ex : Ex → {x}×R
d
is a linear isomorphism.
The triple (E,M, π) is then said to be an abstract-definable Cp vector
bundle of rank d, E the total space, and M the base space. Also, the
collection {(Ωj , ϕj)}j∈J is called a local trivialization for E and {Ωj}j∈J
a trivializing open cover of M .
As an abuse of notation, we will often denote an abstract-definable
Cp vector bundle (E,M, π) by simply E or π : E →M .
The tangent and cotangent bundles ofM together with their respec-
tive projections onto M are the most well known examples of abstract-
definable Cp vector bundles. The fibers at each point of M are respec-
tively the tangent and cotangent spaces. The triple (M × Rd,M, π),
where π : M × Rd → M is the projection onto M , is an abstract-
definable Cp bundle of rank d, called the trivial vector bundle. The
fiber at every point in M is just the vector space Rd.
Definition 4.2. Let π : E → M be a an abstract-definable Cp vector
bundle, and let U be an abstract-definable open subset of M . A local
abstract-definable section of E over U is an abstract-definable map
s : U → E satisfying π ◦ s = idU . If, in addition, s is C
p, then we say
that s is a local abstract-definable Cp section. In the case U = M , s is
called a global abstract-definable (Cp) section.
If (U, φ) is a chart on M , the maps ∂/∂xi : U → TM , given by
x 7→ ∂/∂xi|x (i = 1, . . . , m), are abstract-definable C
p sections of TM
over U . Similarly, each dxi : U → T ∗M defined as x 7→ dxi|x is an
abstract-definable Cp section of the cotangent bundle T ∗M over U .
Lemma 4.3. Let s and t be abstract-definable sections of an abstract-
definable Cp vector bundle π : E → M over an abstract-definable open
set U ⊆M , and let f : U → R be an abstract-definable function. Then
the sum s + t and product fs defined respectively by (s + t)(x) :=
s(x) + t(x) and (fs)(x) := f(x) · s(x) are abstract-definable sections of
E over U . If in addition s, t and f are Cp, then so are s+ t and fs.
Proof. Lemma 5.3 ([14], p. 50). 
Definition 4.4. A local absctract-definable frame for an abstract-definable
Cp vector bundle π : E → M of rank d is a d-tuple of local sections
(s1, . . . , sd) of E over an abstract-definable open subset U ⊆ M such
that at each point x ∈ U , the elements s1(x), . . . , sd(x) form a basis
for the fiber Ex. If, in addition, the sections s1, . . . , sd are C
p, then
(s1, . . . , sd) is called a local abstract-definable C
p frame for E over U .
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In the case U = M , the d-tuple is said to be a global abstract-definable
(Cp) frame.
For any chart (U, φ) on M , (∂/∂x1, . . . , ∂/∂xm) is a local abstract-
definable Cp frame for the tangent bundle TM as well as (dx1, . . . , dxm)
forms a local abstract-definable Cp frame, the coordinate frame, for the
cotangent bundle T ∗M .
Suppose π : E → M is an abstract-definable Cp vector bundle of
rank d and ϕ : π−1(Ω) → Ω × Rd is a local trivialization of E. Let
t1, . . . , td : Ω → E be abstract-definable C
p maps given by the rule
ti(x) := (ϕ
−1 ◦ e˜i)(x), where e˜i : Ω → Ω × R
d is the abstract-definable
Cp map x 7→ (x, ei) and {ej}j denotes the standard basis for R
d. Then
(t1, . . . , td) is an abstract-definable C
p frame for E over Ω and is called
the local abstract-definable Cp frame associated with ϕ.
Lemma 4.5. Let ϕ : π−1(Ω)→ Ω×Rd be a trivialization of an abstract-
definable Cp vector bundle π : E →M , and (t1, . . . , td) the local abstract-
definable Cp frame associated with ϕ. Then, a map s :=
∑d
i=1 b
iti,
where bi are R-valued functions on Ω, is an abstract-definable Cp sec-
tion of E over Ω if, and only if, its coefficients bi relative to the frame
(t1, . . . , td) are abstract-definable C
p.
Proof. Lemma 5.5 ([14], p. 52). 
The theorem below is an extension of Lemma 4.5 in the sense that
in a similar fashion it characterizes abstract-definable Cp sections of
an abstract-definable Cp vector bundle π : E → M over any abstract-
definable open subset of M , unlike in Lemma 4.5 where the corre-
sponding sets are elements of a trivializing open cover of M . Theorem
4.6 plays fundamental role in allowing us to give a local description
of the abstract-definable analogues of global smooth differential forms,
examined in the next section.
Theorem 4.6. Let π : E →M be an abstract-definable Cp vector bun-
dle of rank d, and U an abstract-definable open subset of M . Suppose
(s1, . . . , sd) is a C
p frame for E over U . Then the map s :=
∑d
i=1 c
isi,
where ci are R-valued functions on U , is an abstract-definable Cp sec-
tion of E over U if and only if the coefficients ci are abstract-definable
Cp.
Proof. Assume that s is an abstract-definable Cp section of E over
U . At any point in U there is a chart Ω ⊆ U on M which is also a
trivializing open set for E, with ϕ as its corresponding trivialization.
Let (t1, . . . , td) be the local abstract-definable C
p frame associated with
ϕ. If (bi)i and (a
i
j)i are the coefficients of s and sj in terms of the frame
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(t1, . . . , td) respectively, then in view of Lemma 4.5 they are abstract-
definable Cp functions. From
∑
i b
iti =
∑
i,j c
iaijti we have the matrix
equality [bi] = [aij ][c
j], with [aij ] invertible. By Cramer’s rule, each c
i is
abstract-definable Cp on Ω. The “if” direction is just a straightforward
application of Lemma 4.3. 
5. Abstract-definable forms
Definition 5.1. An abstract-definable (Cp) 1-form onM is an abstract-
definable (Cp) section ω of the cotangent bundle π : T ∗M → M .
In order to give a characterization of abstract-definable Cp 1-forms
on M in terms of the coordinate frames, we restate Theorem 4.6 for
E = T ∗M and si = dx
i.
Lemma 5.2. Let (U, φ) be a chart on M . The map ω :=
∑m
i=1 ωidx
i,
where ωi are R-valued functions, is an abstract-definable C
p 1-form on
U if and only if the coefficients ωi are abstract-definable C
p.
Theorem 5.3. Let ω : M → T ∗M be a map that satisfies the equality
π ◦ ω = idM . The following are equivalent:
(i) ω is an abstract-definable Cp 1-form on M .
(ii) For any chart (U, φ) on M , the map ω restricted to U is given
by x 7→
∑m
i=1 ωi(x)dx
i|x, where the functions ωi : U → R are
abstract-definable Cp.
(iii) For any point x ∈ M there is a chart (U, φ) on M at x such
that the restriction ω|U is given by z 7→
∑m
i=1 ωi(z)dx
i|z, where
the functions ωi : U → R are abstract-definable C
p.
Proof. (i)⇒(ii) For any chart (U, φ), the restriction of ω to U can be
written as
∑m
i=1 ωidx
i, with ωi a function on U . Assuming (i), ω|U
is an abstract-definable Cp section of T ∗M over U , and therefore as a
consequence of Lemma 5.2 the functions ωi are abstract-definable C
p.
(ii)⇒(iii) Straightforward.
(iii)⇒(i) Let x be a point in M , and by virtue of (iii) let (U, φ) be a
chart on M at x on which ω is written as
∑m
i=1 ωidx
i, where ωi is an
abstract-definable Cp function on U . Consider φ˜ : T ∗U → φ(U) × Rm
the induced chart on T ∗M by φ, and note that ω(x) ∈ T ∗U . To obtain
(i) it suffices to conclude, according to Lemma 3.9, that φ˜ ◦ ω ◦ φ−1
restricted to φ(U∩ω−1(T ∗U)) is definable and is extended by a definable
Cp map defined on a definable open subset of Rm. But this holds since
φ˜ ◦ ω ◦ φ−1|φ(U∩ω−1(T ∗U)) equals the restriction of the definable C
p map
(idφ(U), ω1◦φ
−1, . . . , ωm◦φ
−1) to φ(U ∩ω−1(T ∗U)), which is a definable
set in view of the assumption π ◦ ω = idM and Lemma 5.2. 
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If f : M → R is an abstract-definable Cp function with p ≥ 2, the
differential df of f defined as x 7→ dxf is an abstract-definable C
p−1
1-form on M . Given a chart (U, φ) on M , the differential of f on U
has the well known expression
df =
m∑
i=1
∂f
∂xi
dxi,
where (∂f/∂xi)(x) := (∂(f ◦ φ−1)/∂ri)(φ(x)), x ∈ U .
Let F : N →M be an abstract-definable Cp map. For any abstract-
definable Cp function g : M → R, we define the pullback of g by F to be
the composition F ∗g := g◦F , which is an abstract-definable Cp function
on N . Now, consider a map ω from M to T ∗M with π ◦ω = idM . The
pullback of ω by F is the map F ∗ω : N → T ∗N given by x 7→ (F ∗ω)x,
where (F ∗ω)x : TxN → R is the linear function v 7→ ωF (x)(dxF (v)).
The set of all such maps ω, together with the pointwise operations,
forms an R-vector space and an F(M)-module.
The chain rule and the definition of pullback give the following.
Lemma 5.4. Let F : N →M be an abstract-definable Cp map, g : M →
R an abstract-definable Cp function, and let ω, τ : M → T ∗M be maps
whose composition of π with them gives idM . Then,
(i) F ∗(dg) = d(F ∗g), where dg, d(F ∗g) are the differentials of g
and F ∗g, respectively;
(ii) F ∗(ω + τ) = F ∗ω + F ∗τ ;
(iii) F ∗(gω) = (F ∗g)(F ∗ω) = (g ◦ F )F ∗ω.
Theorem 5.5. The pullback F ∗ω of an abstract-definable Cp 1-form ω
on M under an abstract-definable Cp map F : N →M with p ≥ 2 is an
abstract-definable Cp−1 1-form on N .
Proof. Proposition 6.6 ([14], p. 60). 
Let k be a nonnegative integer. The kth exterior power of the cotan-
gent bundle
∧k T ∗M of M is the disjoint union ⋃x∈M{x} ×∧k T ∗xM ,
where
∧k T ∗xM denotes the R-vector space of all alternating k-linear
functions T ∗xM × · · · × T
∗
xM → R. Any chart (U, φ) on M induces a
chart φ˜ :
∧k T ∗U → φ(U)×R(mk) on ∧k T ∗M given by
(x,
∑
I
aIdx
I |x) 7→ (φ(x), (aI)I),
where I ∈ {(i1, . . . , ik) ∈ N
k : 1 ≤ i1 < · · · < ik ≤ m}, dx
I |x :=
dxi1|x ∧ · · · ∧ dx
ik |x, and
∧k T ∗U := ⋃x∈U{x} ×∧k T ∗xU . This makes
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the kth exterior power of the cotangent bundle of M into an abstract-
definable Cp manifold of dimension m +
(
m
k
)
. Moreover, the natural
projection π :
∧k T ∗M →M is an abstract-definable Cp vector bundle
of rank
(
m
k
)
whose fibers at each x ∈M are the vector spaces
∧k T ∗xM .
Definition 5.6. An abstract-definable (Cp) k-form onM is an abstract-
definable (Cp) section ω of π :
∧k T ∗M → M , the kth exterior power
of the cotangent bundle of M .
Since
∧0 T ∗M = M × R, the vector space of all abstract-definable
Cp 0-forms equals that of all abstract-definable Cp functions on M .
Notation. For the remainder of the text, I denotes a k-tuple
(i1, . . . , ik) with 1 ≤ i1 < · · · < ik ≤ m, dx
I is a short for dxi1∧· · ·∧dxik ,
and dxI |x designates dx
i1|x ∧ · · · ∧ dx
ik |x. Also, π stands for the pro-
jection
∧k T ∗M →M .
Note that given a chart (U, φ) = (U, x1, . . . , xm) on M , the
(
m
k
)
-
tuple (dxI)I forms a local C
p frame for the abstract-definable Cp vector
bundle
∧k T ∗M over U .
In the sequel, we restate Lemma 5.2 and Theorem 5.3 for abstract-
definable Cp k-forms.
Lemma 5.7. Let (U, φ) be a chart on M . The map ω :=
∑
I ωIdx
I ,
where ωI are R-valued functions on U , is an abstract-definable C
p k-
form on U if and only if the coefficients ωI are abstract-definable C
p.
Proof. Lemma 6.12 ([14], p. 64). 
By following the proof of Theorem 5.3, we obtain the subsequent
characterizations of the abstract-definable Cp k-forms.
Theorem 5.8. Let ω : M →
∧k T ∗M that satisfies the equality π◦ω =
idM . The following are equivalent.
(i) ω is an abstract-definable Cp k-form on M .
(ii) For any chart (U, φ) on M , the map ω restricted to U is given
by x 7→
∑
I ωI(x)dx
I |x, where the functions ωI : U → R are
abstract-definable Cp.
(iii) For any point x ∈ M there is a chart (U, φ) on M at x such
that the restriction ω|U is given by z 7→
∑
I ωI(z)dx
I |z, where
the functions ωI : U → R are abstract-definable C
p.
Let ω, τ be maps x 7→ (x, ωx) : M →
∧k T ∗M and x 7→ (x, τx) : M →∧l T ∗M , respectively. The wedge product of ω and τ is the map ω ∧
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τ : M →
∧k+l T ∗M which associates to each x ∈ M the element ωx ∧
τx ∈
∧k+l T ∗xM .
Theorem 5.9. If ω is an abstract-definable Cp k-form on M and τ is
an abstract-definable Cq l-form onM , then ω∧τ is an abstract-definable
Cr (k + l)-form on M with r := min{p, q}.
Proof. Proposition 6.14 ([14], p. 65). 
Corollary 5.10. Let fi : M → R be abstract-definable C
pi functions
with pi ≥ 2, i = 1, . . . , k. Then the wedge product of their differentials
df1 ∧ · · · ∧ dfk is an abstract-definable C
p k-form on M , where p is the
least of p1 − 1, . . . , pk − 1. Moreover, for any chart (U, φ) on M
df1 ∧ · · · ∧ dfk =
∑
I
∂(f1, . . . , fk)
∂(xi1 , . . . , xik)
dxI on U,
and
∂(f1, . . . , fk)
∂(xi1 , . . . , xik)
(x) := det

∂f1
∂xi1
(x) · · · ∂f1
∂xik
(x)
...
. . .
...
∂fk
∂xi1
(x) · · · ∂fk
∂xik
(x)
 .
Proof. The first part of the corollary follows immediately from Theorem
5.9. See Corollary 6.15 ([14], p. 66) for the complete proof. 
If (U, φ) = (U, x1, . . . , xm) and (V, ψ) = (V, y1, . . . , ym) are two over-
lapping charts on M and p ≥ 2 (recall that M is an abstract-definable
Cp manifold), then
dyj1 ∧ · · · ∧ dyjk =
∑
1≤i1<...<ik≤m
∂(yj1, . . . , yjk)
∂(xi1 , . . . , xik)
dxi1 ∧ · · · ∧ dxik ,
in view of Corollary 5.10.
Consider an abstract-definable Cp map F : N → M and a map
ω : M →
∧k T ∗M given by x 7→ (x, ωx). The pullback of ω by F is the
map F ∗ω : N →
∧k T ∗N defined as x 7→ (F ∗ω)x, where (F ∗ω)x : TxN×
· · · × TxN → R is the following k-linear function
(F ∗ω)x(v1, . . . , vk) := ωF (x)(dxFv1, . . . , dxFvk).
The set of all such maps ω, equipped with pointwise operations, forms
an R-vector space and a F(M)-module, where F(M) denotes the ring
of all R-valued functions on M .
The chain rule and the definition of pullback yield the following.
Lemma 5.11. Let F : N → M be an abstract-definable Cp map, g : M →
R an abstract-definable Cp function, and let ω, τ be the maps x 7→
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(x, ωx) : M →
∧k T ∗M and x 7→ (x, τx) : M → ∧l T ∗M , respectively.
Then,
(i) F ∗(ω ∧ τ) = (F ∗ω) ∧ (F ∗τ).
In the case of k = l,
(ii) F ∗(ω + τ) = F ∗ω + F ∗τ ;
(iii) F ∗(gω) = (F ∗g)(F ∗ω). Particularly, when g ≡ a ∈ R is a
constant function on M , F ∗(aω) = a(F ∗ω).
Theorem 5.12. The pullback F ∗ω of an abstract-definable Cp k-form
ω on M under an abstract-definable Cp map F : N →M with p ≥ 2 is
an abstract-definable Cp−1 k-form on N .
Proof. Proposition 6.19 ([14], p. 69). 
6. Exterior derivative
As we have seen in the latter section, the classes of differentiability Cp
for 1 ≤ p <∞ are not closed under differentiation. In walking the path
towards a de Rham-like cohomology theory for o-minimal manifolds,
there was no need up to now of this closure condition, and therefore we
were allowed to work within the general setting of an o-minimal expan-
sion of a real closed field. However, since we aim to construct cochain
complexes whose objects are sets of abstract-definable forms by fol-
lowing the lines of the classical de Rham cohomology theory, we must
establish exterior derivative, and this requires such a closure condition
on differentiability. So, we turn our attention to abstract-definable C∞
manifolds, and by virtue of [21] we need to restrict ourselves to an
o-minimal expansion of the real field which possesses C∞ cell decom-
position. Recall that in building up abstract-definable Cp partitions
of unity we made heavy use of results, specifically Theorem 3.1 by A.
Thamrongthanyalak and Lemma 3.2, in the definable context that “a
priori” only hold for p < ∞. Howbeit, if in addition to admitting a
smooth cell decomposition the o-minimal expansion of the real field
defines the exponential function, then we have in hand analogous re-
sults (Theorem 1.1, [15], p. 497) and (Corollary 1.2, [15], p. 497),
respectively. Therefore, proceeding just like in Theorem 3.3 (which
by the way, it was fully inspired by Lemma 4.6, [15]) where Lemma
3.2 is replaced with Corollary 1.2 ([15]), we obtain abstract-definable
C∞ partitions of unity, and consequently abstract-definable C∞ bump
functions as in Corollary 3.8.
In view of this, we fix from now on an o-minimal expansion R of
the real field R that admits smooth cell decomposition and defines the
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exponential function. By “definable” we mean “definable in R with pa-
rameters in R”.
In addition to all we developed so far for abstract-definable Cp man-
ifolds with 1 ≤ p < ∞ holding for the case p = ∞, we have clear
improvements like the pullback F ∗ω of an abstract-definable C∞ k-
form ω on an abstract-definable C∞ manifold M under an abstract-
definable C∞ map F : N → M is an abstract-definable C∞ k-form on
the abstract-definable C∞ manifold N , that is, there is no decreasing
in the differentiability class of F ∗ω.
Notation. For the remainder of the text, unless otherwise stated,
(M,A) and (N,B) denote abstract-definable C∞ manifolds of dimen-
sions m and n, respectively.
For each k, let Ωk(M) denote the set of all abstract-definable C∞
k-forms. This set equipped with the pointwise sum and scalar mul-
tiplication of maps forms an R-vector space. Take Ω∗(M) to be the
R-vector space given by the the direct sum
Ω∗(M) :=
m⊕
j=0
Ωk(M).
With the wedge product, the vector space Ω∗(M) becomes an anti-
commutative graded algebra, where the grading is the degree of the
abstract-definable Ck forms onM . Also, from Lemma 5.11, if F : M →
N is an abstract-definable C∞ map then the pullback map F ∗ : Ω∗(N)→
Ω∗(M) is a homomorphism of graded algebras.
An exterior derivative onM is an R-linear mapD : Ω∗(M)→ Ω∗(M)
satisfying the conditions:
(i) D is an antiderivation of degree 1, that is, Dω ∈ Ωk+1(M) and
D(ω∧ τ) = Dω∧ τ +(−1)kω∧Dτ , for ω ∈ Ωk(M), τ ∈ Ωl(M);
(ii) D ◦D = 0;
(iii) for any abstract-definable Cp function f : M → R, Df equals
the differential df of f .
An R-linear operator D : Ω∗(M) → Ω∗(M) is called local if has the
property that for all k ≥ 0, if ω is an abstract-definable C∞ k-form on
M in such a way that ω|U = 0 for some abstract-definable open subset
U of M , then Dω = 0 on U ; or equivalently, for all k ≥ 0 and for
every two abstract-definable C∞ k-forms ω, τ ∈ Ωk(M) agreeing on an
abstract-definable open subset U ⊆M , we have Dω = Dτ on U .
Theorem 6.1. Every antiderivation D on Ω∗(M) is a local operator.
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Proof. Proposition 7.6 ([14], p. 74). 
Lemma 6.2. Let (U, x1, . . . , xm) be a chart on M . There exists a
unique exterior derivative dU on U .
Proof. For any τ :=
∑
I τIdx
I ∈ Ωk(U), with τI an abstract-definable
C∞ function on U , define a map dU : Ω
∗(U) → Ω∗(U) in such a way
that its restriction to each Ωk(U) is given by
dU(τ) :=
∑
I
(
∑
j
∂τI
∂xj
dxj) ∧ dxI .
It is not hard to see that dU is an exterior derivative on U . Moreover,
the properties (i)-(iii) imply the uniqueness of dU . 
Lemma 6.3. Let (U, φ) be a chart on M , and ω ∈ Ωk(U). There is
ω˜ ∈ Ωk(M) and an abstract-definable open set V ⊆ U such that ω˜ = ω
on V .
Proof. Write ω as
∑
I ωIdx
I , where ωI are abstract-definable C
∞ func-
tions on U . Consider an abstract-definable C∞ bump function ρ : M →
R supported in U , and let V ⊆ U be the abstract-definable open set
on which ρ is identically 1. Then, defining ω˜I : M → R as ρ · ωI on U ,
and 0 onM \U , it follows that ωI is an abstract-definable C
∞ function,
and on V both of functions ω˜I and ωI coincide. Similarly, we obtain
abstract-definable C∞ functions x˜i : M → R extending xi|V . Now, set
ω˜ :=
∑
I ω˜Idx˜
I . By Corollary 5.10 and the fact that Ωk(M) is a module
over the ring of all abstract-definable C∞ functions on M , ω˜ ∈ Ωk(M).
Finally, note that ω˜|V =
∑
I ω˜I |V dx˜
i1 |V ∧ · · · ∧ dx˜
ik |V . 
Theorem 6.4. There exists an exterior derivative d : Ω∗(M)→ Ω∗(M)
which is uniquely determined by the conditions (i)-(iii) above.
Proof. For each k, define d(k) : Ω
k(M)→ Ωk+1(M) to be the linear map
which associates an abstract-definable C∞ k-form ω on M to the map
x 7→ (dUω)x,
where U is a chart on M at x and dU is given as in the proof of Lemma
6.2. The fact that d(k) does not depend on the choice of the chart U
follows from Lemma 6.2. Now, take d : Ω∗(M) → Ω∗(M) to be the
linear map given by
d(ω0 + · · ·+ ωm) := d(0)(ω0) + · · ·+ d(m)(ωm),
with ωk ∈ Ω
k(M). Such a map satisfies the conditions (i)-(iii), since
each dU does so. The uniqueness of the exterior derivative d is obtained
from the fact that for any exterior derivative D : Ω∗(M)→ Ω∗(M) and
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abstract-definable C∞ functions f1, . . . , fk : M → R, D(df1∧· · ·∧dfk) =
0, and from Lemma 6.3. 
Lemma 5.4(i) and Theorem 5.9 give the following.
Theorem 6.5. Consider an abstract-definable C∞ map F : N → M ,
and let ω ∈ Ωk(M). Then, d(F ∗ω) = F ∗dω.
If in Theorem 6.5 we replace N with an abstract-definable open
subset U ⊆ M , and F with the inclusion ı : U → M , we effortlessly
obtain the following.
Corollary 6.6. Let U be an abstract-definable open subset of M , and
ω ∈ Ωk(M). Then, (dω)|U = d (ω|U).
7. O-minimal de Rham cohomology
An abstract-definable C∞ k-form ω on M is said to be closed if its
derivative vanishes, that is, dω = 0, and exact if there is an abstract-
definable C∞ (k−1)-form τ onM such that ω = dτ . Observe that every
exact abstract-definable C∞ k-form on M is closed, since d2 = 0. We
denote by Zk(M) the R-vector space of all closed abstract-definable C∞
k-forms on M , and by Bk(M) the R-vector space of all exact abstract-
definable C∞ k-forms on M . Hence, Bk(M) is a subspace of Zk(M)
and we may form the quotient vector space Zk(M)/Bk(M).
Definition 7.1. The R-vector space
Hk(M) := Zk(M)/Bk(M)
is called the kth o-minimal de Rham cohomology group of M .
Recall from Theorem 2.9 that M has finitely many definably con-
nected components.
Theorem 7.2. Let d be the number of definably connected components
of M . Then, H0(M) = Rd.
Proof. Note that the vector space of all abstract-definable functions
on M which are constant on each definably connected component of
M is d-dimensional. Also, such a vector space agrees with the one
constituted of all locally constant abstract-definable functions on M .
This in turn coincides with Z0(M), since for any chart (U, φ) on M ,
df = 0 on U implies that f is constant on each element of a finite
partition of U into open sets; and conversely, if f is locally constant
then each point in U has a neighborhood in which df vanishes, hence
df = 0 on U , and from the arbitrariness of U it follows that df is the
identically zero map in Ω1(M). 
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Because Ωk(M) = 0 for each k > m, we immediately get
Theorem 7.3. Hk(M) = 0, for all k > m.
In view of Theorems 7.2 and 7.3 above, H0(R) = R and Hk(R) = 0
for k ≥ 2. If we put R := Rexp, on the other hand, it follows that
H1(R) = R. Indeed, [1/(1 + x2)]dx ∈ Ω1(R) = Z1(R) has primitive
arctan(x), which is not definable in Rexp by virtue of Theorem 1 ([2])
and some trigonometric identities. In other words, B1(R) is a proper
vector subspace of Z1(R), thereby H1(R) 6= 0. Recalling that the
classical de Rham cohomology groups HkdR(R) of R are all trivial, we
conclude that the o-minimal de Rham cohomology does not necessarily
agree with the classical one.
As mentioned above, any abstract-definable C∞ map F : N → M
induces a homomorphism F ∗ : Ω∗(M) → Ω∗(N) of graded algebras,
the pullback map, which preserves closed and exact abstract-definable
forms, i.e., F ∗(Zk(M)) ⊆ Zk(N) and F ∗(Bk(M)) ⊆ Bk(N). The map
F ∗ in turn induces a map F ♯ : Hk(M) → Hk(N), the pullback map in
cohomology, by setting
F ♯([ω]) := [F ∗ω].
The linearity of F ∗ implies that of F ♯. Moreover, if idM : M → M
is the identity map, then so is id♯M : H
k(M) → Hk(M); and for any
abstract-definable C∞ maps F : N → M and G : M → P , we have
(G ◦ F )♯ = F ♯ ◦ G♯. In other words, ♯ is a contravariant functor from
the category of abstract-definable C∞ manifolds and abstract-definable
C∞ maps to the category of vector spaces over R. This proves the
following.
Theorem 7.4. F ♯ : Hk(M) → Hk(N) is a linear isomorphism when-
ever F : N → M is an abstract-definable C∞ diffeomorphism.
Given [ω], [τ ] ∈ Hk(M), we define
[ω] ∧ [τ ] := [ω ∧ τ ].
Therefore, equipping the R-vector space
H∗(M) :=
m⊕
k=0
Hk(M)
with this product, H∗(M) becomes a graded algebra over R. The
anticommutativity of H∗(M) is inherited from that of Ω∗(M).
If V,W ⊆M are abstract-definable open subsets whose union covers
M , then we have four inclusion maps: ıV : V → M , ıW : W → M ,
V : V ∩ W → V , and W : V ∩ W → W . Note that the pullback
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map ı∗V : Ω
k(M) → Ωk(V ) is the map that restricts the domain of an
abstract-definable C∞ k-form on M to V .
Lemma 7.5. Let V,W ⊆ M be abstract-definable open cover of M .
For each k ≥ 0, the sequence below is exact
0→ Ωk(M)
ık→ Ωk(V )⊕ Ωk(W )
k→ Ωk(V ∩W )→ 0,
where ık : Ω
k(M)→ Ωk(V )⊕ Ωk(W ) is the map given by
(7.1) ω 7→ (ı∗V ω, ı
∗
Wω) = (ω|V , ω|W )
whereas k : Ω
k(V )⊕ Ωk(W )→ Ωk(V ∩W ) is defined as
(7.2) (ω, τ) 7→ ∗V ω − 
∗
W τ = ω|V∩W − τ |V ∩W .
In the case V ∩W is empty, we have Ωk(V ∩W ) = 0, and consequently
k is the zero map.
Proof. We must prove the following statements, for each k ≥ 0: (i) ık
is one-to-one; (ii) ker(k) = im(ık); and (iii) k is onto.
(i) If ık(ω) = (0, 0), then 0 = ı
∗
V (ω) = ω|V and 0 = ı
∗
W (ω) = ω|W ,
and since the sets V and W cover M , it results that ω = 0.
(ii) Let (ω, τ) ∈ Ωk(V )⊕Ωk(W ) with ∗V ω−
∗
W τ = 0. This means that
ω and τ agree on V ∩W . As a consequece, the map σ : M →
∧k T ∗M
given by
σ :=
{
ω on V
τ on W
is an abstract-definable C∞ k-form on M satisfying ık(σ) = (ω, τ).
Conversely, for any abstract-definable C∞ k-form ω on M , we have
k(ık(ω)) = 
∗
k(ω|V , ω|W ) = ω|V∩W − ω|V∩W = 0.
(iii) Let ω ∈ Ωk(V ∩W ). By the abstract-definable smooth version of
Proposition 3.5, there are abstract-definable C∞ nonnegative functions
fV , fW : M → R such that fV +fW = 1, supp(fV ) ⊆ V and supp(fW ) ⊆
W . Take σ1 ∈ Ω
k(V ) and σ2 ∈ Ω
k(W ) to be, respectively, the maps
σ1 :=
{
fW · ω on V ∩W
0 on V \ (V ∩W )
and
σ2 :=
{
−fV · ω on V ∩W
0 on W \ (V ∩W )
.
Hence,
k(σ1, σ2) = 
∗
V σ1 − 
∗
Wσ2 = σ1|V ∩W − σ2|V ∩W
= fWω + fV ω = (fV + fW )ω = ω.
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
A straightforward application of Corollary 6.6 yields the following.
Lemma 7.6. Let V,W ⊆ M be abstract-definable open cover of M .
With the same notation as in Lemma 7.5, for each k ≥ 0, the diagram
0 // Ωk+1(M)
ık+1
// Ωk+1(V )⊕ Ωk+1(W )
k+1
// Ωk+1(V ∩W ) // 0
0 // Ωk(M)
ık
//
dk
OO
Ωk(V )⊕ Ωk(W )
k
//
Dk
OO
Ωk(V ∩W ) //
dk
OO
0
is commutative, where Dk : Ω
k(V ) ⊕ Ωk(W ) → Ωk+1(V ) ⊕ Ωk+1(W )
is given by Dk(ω, τ) := (dkω, dkτ) and ık, k are as those defined in
Lemma 7.5.
Lemmas 7.5 and 7.6 imply that
0→ Ω∗(M)→ Ω∗(V )⊕ Ω∗(W )→ Ω∗(V ∩W )→ 0
is a short exact sequence of cochain complexes. Hence, by the Zig-zag
lemma (Theorem 25.6, [35], p. 285) and the fact that
Hk(V )⊕Hk(W ) ∼=
ker(Dk : Ω
k(V )⊕ Ωk(W )→ Ωk+1(V )⊕ Ωk+1(W ))
im(Dk−1 : Ωk−1(V )⊕ Ωk−1(W )→ Ωk(V )⊕ Ωk(W ))
we obtain the Mayer-Vietoris sequence for o-minimal de Rham coho-
mology.
Theorem 7.7. Let V,W ⊆M be abstract-definable open sets covering
M . With the same notation as in Lemmas 7.5 and 7.6, there exists a
long exact sequence, the Mayer-Vietoris sequence,
· · · → Hk(M)
ı
♯
k→ Hk(V )⊕Hk(W )

♯
k→ Hk(V ∩W )
d
♯
k→ Hk+1(M)→ · · · ,
where
ı♯k([ω]) := ([ı
∗
V ω], [ı
∗
Wω]),
♯k([ω], [τ ]) := [
∗
W τ − 
∗
V ω],
and
d♯k([ω]) := [ı
−1
k+1(Dk(
−1
k (ω)))].
Here, ı−1k+1(Dk(
−1
k (ω))) means a chosen element τ in ker(dk+1) such
that ık+1(τ) is the value of Dk at an element in 
−1
k (ω).
From the fact that Ωk(M) = 0 for k < 0, it follows that the Mayer-
Vietoris sequence starts
0→ H0(M)→ H0(V )⊕H0(W )→ · · ·
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Definition 7.8. Two abstract-definable C∞ maps F,G : M → N are
said to be abstract-definably homotopic, and denoted by F ≃ G, if there
is an abstract-definable C∞ map H : M × R→ N such that
H(x, 0) = F (x), and H(x, 1) = G(x) for all x ∈M.
The map H is called an abstract-definable C∞ homotopy from F to G.
Definition 7.9. An abstract-definable C∞ map F : M → N is said
to be an abstract-definable C∞ homotopy equivalence if there exists an
abstract-definable C∞ map G : N → M such that G ◦ F ≃ idM and
F ◦ G ≃ idN . In this case, we also say that M is abstract-definably
homotopy equivalent to N . If M is abstract-definably homotopy equiv-
alent to a point, then M is called abstract-definably contractible.
The invariance of the o-minimal de Rham cohomology under abstract-
definable homotopy, the Homotopy Axiom for o-minimal de Rham co-
homology, does not hold in general as we will see below. In order to
help us verify such an assertion we state this o-minimal version of the
Homotopy Axiom and derive an easy consequence.
Theorem 7.10 (Homotopy Axiom). Let f, g : N → M be abstract-
definable C∞ maps. If f ≃ g, then the induced maps in cohomology
f ♯, g♯ : H∗(M)→ H∗(N) agree with each other.
One immediate consequence of Theorem 7.10 is the fact that, for each
k ≥ 0, Hk(M) = Hk(N) whenever M is abstract-definably homotopy
equivalent to N . Thus, if M is abstract-definably contractible, there
exists a point a ∈ M such that Hk(M) = Hk(a) for k ≥ 0. Hence
Hk(M) = 0 if k > 0 (Theorem 7.3) and H0(M) = R (Theorem 7.2).
This proves the following corollary, also known as Poincare´’s lemma.
Corollary 7.11. If M is definably contractible, then H0(M) = R and
Hk(M) = 0, for each k ≥ 1.
Corollary 7.11 picks o-minimal expansions of the real field (which
admit smooth cell decomposition and define the exponential function)
as candidates for which Theorem 7.10 holds. These are to some ex-
tent large o-minimal structures, i.e., those that define sufficiently many
primitives. In this sense, the exponential real field Rexp is not a large
o-minimal structure, since R is definably contractible and H1(R) = 1
(see the remark right after Theorem 7.3).
In the sequel, we introduce an enlarged o-minimal structure, in the
sense of what we just discoursed, and fix some assumptions in order to
give a proof of Theorem 7.10 in that setting.
Suppose from now on R is an o-minimal expansion of the real field
R, and let U be a definable (in R) open subset of Rn. Recall from [17]
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(p. 2) that a C1 function f : U → R is Pfaffian over R if there exist
definable (in R) C1 functions Pi : U ×R→ R for i = 1, . . . , n such that
∂f
∂ri
(x) = Pi(x, f(x)), x ∈ U.
Denote by L(R) the collection of all total functions f : Rn → R for
all n ∈ N that are Pfaffian over R. Set R0 := R, and for each i ≥ 0
let Ri+1 be the expansion of Ri by all functions in L(Ri). Let L be
the union of all L(Ri) and let P(R) be the expansion of R by all the
functions in L. We call the structure P(R) the Pfaffian closure of R.
Both Theorem 4.1 ([32]) and Theorem 1 ([17]) imply that the Pfaffian
closure P(R) of R is o-minimal.
From now on “definable” we mean “definable in P(R) with param-
eters in R”, where P(R) denotes the Pfaffian closure of R, and by
“R-definable” we mean “definable in R with parameters in R”.
Recall from [22] that P(R) admits smooth cell decomposition.
The following assertion, known as Bro¨cker’s question, was pointed
out to us by P. Speissegger.
Claim (Bro¨cker’s question) For any continuous function b : Rn×R→ R
which is definable in an o-minimal expansion R of R, the function
B : Rn → R, given by
B(x) :=
∫ 1
0
b(x, t)dt,
is definable in an o-minimal expansion R˜ of R.
The above statement has been first proved for the case in which
R = Ran and R˜ = Ran,exp by J.-M. Lion and J.-P. Rolin ([23]). In [18]
(Theorem 1.9), T. Kaiser formulated and proved a generalization of
Bro¨cker’s question. Namely, the Lebesgue measure λn on R
n satisfies in
particular the following condition: there exists an o-minimal expansion
R˜ of R
Ralg
an such that for any definable (in R
Ralg
an ) function f : Rm×Rn →
R the set ∞(f, λn) := {x ∈ R
m :
∫
Rn
|f(x, t)|dλn(t) =∞} is definable
in R
Ralg
an , and the function x 7→
∫
Rn
f(x, t)dλn(t) : R
m \ ∞(f, λn) → R
is definable in R˜. (Recall that Ran indicates the o-minimal expansion
of the real field R by all restricted real analytic functions, and R
Ralg
an
denotes the expansion of Ran by all power functions with exponent in
Ralg, the field of real algebraic numbers.)
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Lemma 7.12. Assume that the Bro¨cker’s question holds for any o-
minimal expansion R of Rexp and for R˜ taken to be the Pfaffian closure
of R. If b : Rn × R → R is a definable C∞ function, so is B : Rn →
R, where B(x) :=
∫ 1
0
b(x, t)dt. As a consequence, given an abstract-
definable C∞ function b : N ×R→ R, the function b : N → R given by
y 7→
∫ 1
0
b(y, t)dt is abstract-definable C∞ as well.
Proof. Since b is definable in P(R), there is some i ≥ 0 such that b is
definable in Ri, where R0 := R (see the definition of Pfaffian closure
above). Note, from the comments following Theorem 1 ([17], p. 2), that
the Pfaffian closure of R can be obtained by adding only definable
C∞ total functions. In particular, Ri is an o-minimal expansion of
Rexp which admits smooth cell decomposition. Hence, the assumption
implies that B is definable in P(Ri). The conclusion that B is definable
in P(R) follows from the fact that P(Ri) and P(R) are interdefinable.
The smoothness of B is ensured, for instance, by Theorem C.14 ([20],
p. 648).
Now, observe that for any chart (V, ψ) on N the composition b ◦
ψ−1 : Rn → R agrees with
ψ(z) 7→
∫ 1
0
(b ◦ (ψ × idR)
−1)(ψ(z), t)dt.
(Here we assumed the codomains of the charts ψ : V → ψ(V ) are the
whole Rn, see Remark 2.1.) By hypothesis, b◦(ψ× idR)
−1 is a definable
C∞ function on Rn×R, and from the first part of the lemma it follows
that b ◦ ψ−1 is also definable C∞. This proves that b is an abstract-
definable C∞ function. 
Lemma 7.13. Let U be an abstract-definable open subset of N , and
let ω ∈ Ωk(U) with
supp(ω) ⊆ F ⊆ U,
where F is an abstract-definable closed subset of N . Then, ω can be
extended to an abstract-definable C∞ k-form ω˜ on N .
Proof. Let ω be an abstract-definable C∞ k-form on U , and suppose
F is an abstract-definable closed set with supp(ω) ⊆ F ⊆ U . By
the abstract-definable smooth version of Proposition 3.7, there exists
an abstract-definable C∞ function ρ : M → R such that 0 ≤ ρ ≤ 1,
ρ|F = 1, and supp(ρ) ⊆ U . Take ω˜ : N →
∧k T ∗N to be
ω˜(x) :=
{
ρ(x)ω(x), if x ∈ U
0, otherwise
.
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Firstly, note that ω˜ is well-defined as an abstract-definable C∞ map
from N to
∧k T ∗N . Also, for any x ∈ U , if x ∈ supp(ω) ⊆ F then
ω˜(x) = ρ(x)ω(x) = ω(x); and if x ∈ U \ supp(ω) then ω(x) = 0 =
ρ(x) · 0 = ρ(x) · ω(x) = ω˜(x). In other words, ω˜|U = ω. 
For the remainder of the section, we assume that the Bro¨cker’s ques-
tion holds for any o-minimal expansion R of Rexp and for R˜ taken to
be the Pfaffian closure of R.
Proof of Theorem 7.10. Let f, g : N → M be abstract-definable C∞
maps such that f ≃ g. Then, there exists an abstract-definable C∞ map
H : N × R → M satisfying H(ι0(x)) = f(x) and H(ι1(x)) = g(x), for
all x ∈ N , where ιt : N → N×R is the abstract-definable C
∞ map given
by x 7→ (x, t), for each fixed t ∈ R. Since ♯ is a contravariant functor,
ι♯0 ◦ H
♯ = f ♯ and ι♯1 ◦ H
♯ = g♯. Hence, in order to prove the theorem
it suffices to show that ι♯0 and ι
♯
1 are the same. Note that if there is a
cochain homotopy K := {Kk : Ω
k(N × R) → Ωk−1(N)}k between the
induced pullback maps ı∗1 := {(ı
∗
1)k : Ω
k(N × R) → Ωk(N)}k and ı
∗
0 :=
{(ı∗0)k : Ω
k(N × R)→ Ωk(N)}k, then the induced maps in cohomology
ı♯0 and ı
♯
1 agree with each other. In the remainder of the proof, we
thus focus on establishing linear maps Kk : Ω
k(N ×R)→ Ωk−1(N) for
k ≥ 0, which satisfy the equality
(7.3) dk−1 ◦Kk +Kk+1 ◦ dk = (ı
∗
1)k − (ı
∗
0)k,
where dk denotes the exterior derivative on Ω
k(N×R) and, as an abuse
of notation, on Ωk(N) as well.
Claim 1 Every abstract-definable C∞ k-form on N ×R can be written
as a finite sum of abstract-definable C∞ forms of the types:
(I) a π∗η;
(II) b dt ∧ π∗τ ,
where a, b are abstract-definable C∞ functions on N×R, π : N×R→ N
is the projection onto the first factor, η is an abstract-definable C∞ k-
form on N , and τ is an abstract-definable C∞ (k − 1)-form on N .
Proof of Claim 1. Let B denote the collection {ψj : Vj → ψj(Vj) ⊆
Rn}j∈J , and fix an abstract-definable C
∞ k-form ω on N × R. Let
{ρj}j∈J be an abstract-definable C
∞ partition of unity subordinate to
B (see Lemma 4.6, [15]). By the abstract-definable smooth version of
Proposition 3.7, there exists a finite family {gj}j∈J of abstract-definable
C∞ functions on N such that for each j: 0 ≤ gj ≤ 1, gj|supp(ρj) = 1,
and supp(gj) ⊆ Vj. Note that {π
−1(Vj) = Vj × R}j∈J is an abstract-
definable open cover ofN×R. Also, {π∗ρj}j∈J is an absctract-definable
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C∞ partition of unity subordinate to {π−1(Vj)}j∈J in the following
sense:
(1) each π∗ρj : N ×R→ R is an abstract-definable C
∞ nonnegative
function;
(2) supp(π∗ρj) ⊆ π
−1(Vj), for each j ∈ J ;
(3)
∑
j∈J π
∗ρj = 1.
Indeed, (1) follows immediately from the definition of pullback of abstract-
definable C∞ 0-forms, that is, π∗ρj = ρj ◦ π. Now, observe that
π({(x, r) ∈ N×R : ρj(x) 6= 0}) = {x ∈ N : ρj(x) 6= 0} ⊆ supp(ρj) ⊆ Vj.
Consequently,
{(x, r) ∈ N × R : ρj(x) 6= 0} ⊆ π
−1(supp(ρj)) ⊆ π
−1(Vj).
Since π−1(supp(ρj)) is closed in N × R,
supp(π∗ρj) = clN×R({(x, r) ∈ N×R : ρj(x) 6= 0}) ⊆ π
−1(supp(ρj)) ⊆ π
−1(Vj).
Thus, (2) follows. Finally, because
∑
j∈J π
∗ρj(z, t) =
∑
j∈J ρj(π(z, t)) =∑
j∈J ρj(z) for all (z, t) ∈ N×R, the validity of (3) is thereby obtained.
By virtue of (1)-(3), we can write ω as
ω =
(∑
j∈J
π∗ρj
)
ω =
∑
j∈J
(π∗ρj)ω =
∑
j∈J
ωj,
where ωj := (π
∗ρj)ω ∈ Ω
k(N × R). Note that
(7.4) supp(ωj) ⊆ supp(π
∗ρj) ∩ supp(ω) ⊆ supp(π
∗ρj) ⊆ π
−1(Vj).
If we show that each ωj can be written as a finite sum of type-(I)
and type-(II) abstract-definable C∞ forms, then we are done.
Let (Vj, ψj) = (Vj, y
1, . . . , yn) be a chart in B. Since π−1(Vj) = Vj ×
R, the collection {(π−1(Vj), π
∗y1, . . . , π∗yn, t)}j∈J forms an abstract-
definable C∞ atlas on N ×R, where t is the projection (x, r) 7→ r : N ×
R→ R restricted to π−1(Vj). Thus, on π
−1(Vj), the abstract-definable
C∞ k-form ωj can be written uniquely as
ωj =
∑
1≤i1<···<ik≤n
ai1···ikd(π
∗yi1) ∧ · · · ∧ d(π∗yik)
+
∑
1≤l1<···<lk−1≤n
bl1···lk−1dt ∧ d(π
∗yl1) ∧ · · · ∧ d(π∗ylk−1)
=
∑
I
aIπ
∗dyI +
∑
L
bLdt ∧ π
∗dyL,
after a rearrangement of the terms, where I and L denotes respectively
i1 < . . . < ik and l1 < . . . < lk−1, dy
I := dyi1 ∧ · · · ∧ dyik , dyL :=
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dyl1 ∧ · · · ∧ dylk−1, and aI , bL are abstract-definable C
∞ functions on
π−1(Vj). Once by (7.4) we have
supp(ai1···ik), supp(bl1···lk−1) ⊆ clπ−1(Vj)({(x, t) ∈ π
−1(Vj) : ωj(x, t) 6= 0})
⊆ supp(ωj) ⊆ supp(π
∗ρj) ⊆ π
−1(Vj),
we may then use Lemma 7.13 (with F taken to be supp(π∗ρj)) to obtain
abstract-definable C∞ 0-forms a˜I , b˜L : N×R→ R which extend aI and
bL by zero, respectively. Note that we cannot proceed similarly for the
abstract-definable C∞ forms dyI, dyL by applying Lemma 7.13, since
the (topological) closure of the subsets of their domains in which dyI
and dyL do not vanish coincide with their domains Vj , and this is not
a closed subset of N . Nevertheless, we may get around this problem
through the multiplication of ωj by π
∗gj. In fact, because π
∗gj = 1
on supp(π∗ρj) and supp(ωj) ⊆ supp(π
∗ρj), the equality ωj = (π
∗gj)ωj
holds. Therefore, on π−1(Vj), ωj can be rewritten as
ωj = (π
∗gj)ωj =
∑
I
aI(π
∗gj)π
∗dyI +
∑
L
bLdt ∧ (π
∗gj)π
∗dyL(7.5)
=
∑
I
aIπ
∗(gjdy
I) +
∑
L
bLdt ∧ π
∗(gjdy
L)
Once supp(gj|Vj) ⊆ supp(gj) ⊆ Vj , we obtain by Lemma 7.13 exten-
sions ηj and τj by zero of gjdy
I and gjdy
L to N , respectively.
Finally, observe that the support of ωj ∈ Ω
k(N × R) is contained
in π−1(Vj) as well as the supports of each abstract-definable C
∞ form
among aI , bL, π
∗(gjdy
I), and dt ∧ π∗(gjdy
L). Thus, ωj equals the
extension by zero of ωj|π−1(Vj) to N ×R, which in turn equals the sum
of the products of the extension by zero (to N × R) of each term in
(7.5), in other words,
(7.6) ωj =
∑
I
a˜Iπ
∗ηj +
∑
L
b˜Ldt ∧ π
∗τj ,
with a˜I , b˜L ∈ Ω
0(N × R), ηj ∈ Ω
k(N), and τj ∈ Ω
k−1(N). 
Define Kk : Ω
k(N × R)→ Ωk−1(N) by:
(i) Kk(a π
∗η) := 0, on type-(I) abstract-definable C∞ k-forms;
(ii) Kk(b dt∧π
∗τ) := (
∫ 1
0
b(y, t)dt)τ , on type-(II) abstract-definable
C∞ k-forms;
(iii) Kk is extended linearly.
After fixing an abstract-definable C∞ partition of unity {ρj}j sub-
ordinate to B, and a finite collection {gj}j∈J of abstract-definable C
∞
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functions on N , we can express ω ∈ Ωk(N × R) as a sum ω =
∑
j ωj,
where ωj is decomposed uniquely into∑
j,I
ajIπ
∗ηj +
∑
j,L
bjLdt ∧ π
∗τj
like in (7.6) (see the proof of Claim 1). So,Kk(ω) =
∑
j,L(
∫ 1
0
bjL(x, t)dt)τj .
(Lemma 7.12 shows that each
∫ 1
0
bjL(x, t)dt is an abstract-definable C
∞
function on N , therefore Kk(ω) lies indeed in Ω
k−1(N).)
Let us now check (7.3). Fix a chart (V × R, π∗y1, . . . , π∗yn, t) on
N × R. For type-(I) abstract-definable C∞ k-forms, we have
(Kk+1 ◦ dk)(aπ
∗η) =
Kk+1(d0a ∧ π
∗η + adk(π
∗η)) =
Kk+1
((
n∑
i=1
∂a
∂π∗yi
d(π∗yi) +
∂a
∂t
dt
)
∧ π∗η + aπ∗(dkη)
)
=
Kk+1
(
∂a
∂t
dt ∧ π∗η +
n∑
i=1
∂a
∂π∗yi
π∗(d0y
i) ∧ π∗η + aπ∗dkη
)
=
Kk+1
(
∂a
∂t
dt ∧ π∗η
)
+
n∑
i=1
Kk+1
(
∂a
∂π∗yi
π∗(d0y
i ∧ η)
)
+Kk+1(aπ
∗dkη) =(∫ 1
0
∂a
∂t
dt
)
η = (a(x, 1)− a(x, 0))η = ı∗1a(ı
∗
1π
∗η)− ı∗0a(ı
∗
0π
∗η) = (ı∗1 − ı
∗
0)(aπ
∗η)
and (dk−1 ◦Kk)(aπ
∗η) = dk−1(0) = 0. Hence,
(dk−1 ◦Kk +Kk+1 ◦ dk)(aπ
∗η) = (ı∗1 − ı
∗
0)(aπ
∗η).
For type-(II) abstract-definable C∞ k-forms, we get
(dk−1 ◦Kk)(b dt ∧ π
∗τ) =
dk−1
((∫ 1
0
b(y, t)dt
)
τ
)
=
dk−1
(∫ 1
0
b(y, t)dt
)
∧ τ +
(∫ 1
0
b(y, t)dt
)
dk−1τ =
n∑
i=1
∂
∂yi
(∫ 1
0
b(y, t)dt
)
dyi ∧ τ +
(∫ 1
0
b(y, t)dt
)
dk−1τ
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and also
(Kk+1 ◦ dk)(b dt ∧ π
∗τ) =
Kk+1(d1(b dt) ∧ π
∗τ − b dt ∧ dk(π
∗τ)) =
Kk+1(d1b ∧ dt ∧ π
∗τ)−Kk+1(b dt ∧ π
∗dk−1τ) =
Kk+1
(
n∑
i=1
∂b
∂π∗yi
dπ∗yi ∧ dt ∧ π∗τ
)
−Kk+1(b dt ∧ π
∗dk−1τ) =
−
n∑
i=1
Kk+1
(
∂b
∂π∗yi
dt ∧ π∗(dyi ∧ τ)
)
−
(∫ 1
0
b(y, t)dt
)
dk−1τ =
−
n∑
i=1
(∫ 1
0
∂b
∂π∗yi
(y, t)dt
)
dyi ∧ τ −
(∫ 1
0
b(y, t)dt
)
dk−1τ =
−
n∑
i=1
∂
∂yi
(∫ 1
0
b(y, t)dt
)
dyi ∧ τ −
(∫ 1
0
b(y, t)dt
)
dk−1τ,
where the last equality followed from the differentiation under the inte-
gral sign. Furthermore, ı∗1(b dt∧π
∗τ) = b(y, 1) ı∗1(dt)∧ı
∗
1(π
∗τ) = 0, since
ı∗1(dt) = d(ı
∗
1t) = d(1) = 0. Similarly, ı
∗
0(b dt ∧ π
∗τ) = 0. Therefore,
(dk−1 ◦Kk +Kk+1 ◦ dk)(b dt ∧ π
∗τ) = 0 = (ı∗1 − ı
∗
0)(b dt ∧ π
∗τ).
This finishes the proof. 
8. Final remarks and future works
The validity of the Homotopy Axiom (Theorem 7.10) is uniquely
conditioned to the abstract-definability of the function y 7→
∫ 1
0
b(y, t)dt,
arisen when defining the cochain homotopy (Kk : Ω
k(N×R)→ Ωk−1(N))k
(see (i)-(iii) below Claim 7 in the proof of Theorem 7.10 for the Pfaf-
fian closure P(R)). In turn, as pointed out by Lemma 7.12, such
an abstract-definability question reduces to whether Bro¨cker’s ques-
tion holds. Recall from Definition 1.3 ([18]) that, given an o-minimal
expansion R of R and a Borel measure µ on Rn, an R-integrating o-
minimal structure of µ is an o-minimal expansion R˜ of R such that the
set ∞(f, µ) := {x ∈ Rm :
∫
Rn
|f(x, t)|dµ(t) = ∞} and the function
x 7→
∫
Rn
f(x, t)dµ(t) : Rm \ ∞(f, µ) → R are both definable in R˜, for
every definable f : Rm × Rn → R. Therefore, the Homotopy Axiom
is true for each pair (R, R˜) of o-minimal expansions of the real field,
with R˜ an R-integrating o-minimal structure of the Borel measure on
R given by the restriction on the Borel σ-algebra B(R) of Lebesgue
measure λ.
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In [3] we attempt to settle a result on the smoothing abstract-
definable Cp manifolds, with 1 ≤ p < ∞. Namely, any abstract
definable Cp manifold has a compatible Cp+1 atlas. This allows us
to establish an o-minimal de Rham cohomology for the category of
abstract-definable Cp manifolds, where p is a positive integer, so we
could remove the assumption on the fixed o-minimal structure R of
admitting smooth cell decomposition.
A further step might be the formulation of a Cp singular cohomol-
ogy for abstract-definable Cp manifolds where 1 ≤ p ≤ ∞, restrict-
ing Edmundo’s work ([9]) on singular cohomology for the category of
abstract-definable C0 manifolds and maps, with the ultimate goal of
the establishment of a de Rham’s theorem for the category of abstract-
definable Cp manifolds and maps.
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